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INTRODUCTION 


DEVELOPMENT  OF  THE  TEACHING  OF  GEOMETRY 


The  teaching  of  geometry  was  advanced  considerably  when 
Euclid  (c.  300  B.C.)  compiled  the  Elements--a  logical  presen- 
tation of  all  geometry  known  in  his  time.— ^ The  importance  of 
the  Elements  is  indicated  by  the  fact  that  the  book  had  gone 

through  over  one  thousand  printed  editions  between  1482  and 

2/  „ 

1923*  Scarcely  any  other  book  except  the  Bible  can  have 

circulated  more  widely  the  world  over,  or  been  more  edited 
and  studied."—^'  However,  the  Element s was  considered  to  be 
so  perfect  and  was  held  in  such  deep  respect  that  very  little 
progress  was  made  in  the  teaching  of  geometry  for  about  two 
thousand  years. 

During  the  past  two  centuries,  new'  influences  have  affec- 
ted the  teaching  of  geometry,  especially  in  Germany,  France, 
and  America.  In  particular,  there  have  been  three  significant 
trends.  The  first  was  an  emphasis  on  the  practical  side  of 
geometry- -making  use  of  applications  in  the  presentation  of 
Euclid. 

The  second  new  trend  was  to  place  geometry  earlier  in 
the  curriculum. . Whereas  geometry  had  previously  been  a 


1/  A good  English  translation  is  one  by  T.  L.  Heath. 
Thirteen  Books  of  Euclid's  Elements,  Cambridge,  England. 


1908. 


_2/  D.  E.  Smith,  History  of  Mathematics.  Boston:  Ginn  and 

Company,  1923*  Vol.  I,  p.  103. 


3/  T.  L.  Heath,  Greek  Mathematics.  Oxford,  England,  1921. 
Vol.  I. 


' 


. 


. 


university  subject,  the  advancing  knowledge  forced  the  uni- 
versity to  expand  its  curriculum.  Consequently,  geometry 
was  transferred  to  the  secondary  schools  along  with  other 
more  elementary  subjects.  Geometry  has  been  moving  downward 
until  it  is  now  being  taught  in  the  tenth  year,  with  some 

educators  advocating  the  inclusion  of  demonstrative  geometry 

4/ 

in  the  junior  high  school,— and  intuitive  geometry  in  the 

5/ 

earlier  grades. — 

The  third  trend  was  to  modify  Euclid  to  make  it  more 
understandable  to  young  learners.  The  introduction  of  intui- 
tive geometry  afforded  a more  gradual  approach  to  demonstra- 


tive geometry,  and  it  was  shown  that  Euclid's  sequence  and 

method  was  not  the  only  possibility.  That  the  Elements  was 

intended  for  more  mature  learners  is  shown  by  the  description 

of  the  book  given  by  Professor  David  Eugene  Smith. 

He  / Euclid_7  has  no  intuitive  geometry  as  an 
introduction  to  the  logical;  he  uses  no  alge- 


4/  Vera  Sanford,  "Demonstrative  Geometry  in  the  Seventh  and 
Eighth  Years,"  The  Teaching  of  Geometry,  Fifth  Yearbook  of  the 
National  Council  of  Teachers  or  Mathematics.  New  York: 

Bureau  of  Publications,  Teachers  College,  Columbia  University, 
1930. 

Joseph  B.  Orleans,  "A  Unit  of  Demonstrative  Geometry  for 

the  Ninth  Year,"  ibid. 

Joseph  Seidlin,  "A  Unit  of  Demonstrative  Geometry  for 

the  Ninth  Year,"  ibid. 


5/  Mathematical  Association  Report  (British),  The  Teaching 
of  Geometry  in  Schools, " London:  G.  Bell  and  Sons,  1925* 

_6/  D.  E.  Smith,  op.  cit.,  p.  106 


arcoms. 

. 


. 


; . 


bra  as  such;  he  demonstrates  the  correctness  of 
his  constructions  before  using  them,  whereas,  we 
commonly  assume  the  possibility  of  constructing 
figures  and  postpone  our  proofs  relating  to  the 
constructions  until  we  have  a fair  body  of  theor- 
ems; he  does  not  fear  to  treat  of  incommensurable 
magnitudes  in  a perfectly  logical  manner;  and  he 
has  no  exercises  of  any  kind. 

It  is  to  be  noted  that  the  criticisms  are  not  directed 
towards  the  fundamentals  of  geometry,  but  the  methods  of  or- 
ganization and  presentation.  It  would  seem  logical  to  assume, 
then,  that  some  basic  principles  of  geometry  exist  that  do 
not  depend  on  logical  order,  position  in  the  curriculum,  or 
mental  maturity  of  the  students.  This  being  so,  a set  of 
principles  could  be  determined  from  which  a syllabus  could 
be  made  to  fit  any  local  situation. 
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CHAPTER  I 


♦ 


THE  NEED  FOR  TEACHING  PRINCIPLES 


A STATEMENT  OF  THE  PROBLEM 

The  problem  of  this  paper,  then,  is  to  determine  what 
principles  of  plane  geometry  are  now  included  in  geometry 
courses  by  analyzing  ten  plane  geometry  textbooks  written 
for  the  tenth  grade. 

SCOPE  AND  LIMITATIONS  OF  THE  PROBLEM 


In  1794,  Legendre  showed  that  geometry  could  be  con- 
structed on  a perfectly  sound  and  logical  basis  without  fol- 
lowing Euclid's  sequence  and  method.  Although  different  in 
order,  Legendre's  geometry  was  essentially  Euclidean.  Since 
that  time,  the  Elements  has  been  rewritten  with  many  varieties 
of  sequence. 

About  the  middle  of  the  nineteenth  century,  it  was  dis- 
covered that,  by  starting  with  assumptions  which  differed 
from  those  of  Euclid,  an  entirely  new,  but  logical  geometry 
could  be  constructed--hence , Non-Euclidean  geometry.  Notable 
among  these  unconventional  geometricians  were  Wolfgang  Bolyai 
(1775-1356),  Nicholaus  Lobachevski  (1793-1356),  and 
Georg  Riemann,  (1826-1866). 

Although  the  Non-Euclidean  geometries  are  proving  to  be 


very  practical  in  modern  physics,  their  applications  are  not 
as  apparent  as  those  in  Euclid's  geometry.  Therefore  it 


5 


seems  wise  to  restrict  our  geometry  in  the  secondary  schools 
to  one  that  is  more  understandable  to  people  of  that  age. 
Poincar£~i/  said,  "One  geometry  cannot  be  more  true  than 
another;  it  can  only  be  more  convenient.  Now  Euclidean  geom- 
etry is,  and  will  remain,  the  most  convenient." 

The  geometry  usually  taught  in  the  tenth  grade,  or,  the 
second  year  of  high  school  follows  Euclid's  Elements , Book  I 
to  Book  VI.  Considerable  controversy  has  arisen  about  the 
inclusion  of  Books  XI -XIII  (Solid  G-eometry)  , but  there  is  too 
little  agreement  for  the  inclusion  of  this  material  in  current 
textbooks.  Consequently,  this  paper  is  limited  to  a discus- 
sion of  plane,  Euclidean  geometry.  Technically,  it  is  known 
as  plane,  metric,  Euclidean  geometry. 

In  analyzing  secondary  school  textbooks  that  are  based 
on  the  above  definition  of  geometry,  use  will  be  made  of  the 
criteria  as  set  forth  in  this  paper  to  select  principles  of 
geometry.  Due  to  a necessary  limitation  in  time,  a selection 
of  ten  geometry  textbooks  will  be  examined.  The  principles 
thus  found  will  be  listed  in  tabular  form  to  sho w frequency, 
and  manner  of  presentation. 


* The  manner  of  selecting  the  textbooks  is  described  in 
Chapter  III. 


1/  H.  Poincarb,  The  Foundations  of  Science,  translated  by 
G-.  B.  Halstead.  Lancaster,  Pa.  : Science  Press,  1913* 


. 
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THE  APPLICATION  OF  PRINCIPLES  PROMOTES 


GREATER  TRANSFER  OF  TRAINING 
"If  facts  are  organized  into  meaningful  relations  and 

■jf 

generalized  into  a principle,  the  details  themselves  are 
likely  to  be  better  remembered  than  if  they  were  acquired  in 
discrete  fashion."-^/  This  process  of  generalization  is  the 
basis  for  our  understanding.  Each  of  these  concepts  helps  to 
make  our  experiences  more  meaningful--the  application  of 
principles  being  our  highest  form  of  knowledge. 

Understanding , however,  does  not  take  place  by  the  mere 
memorization  of  the  statement  of  the  principle.  "It  has  been 
shown  by  experimental  studies ,.... that  it  is  not  enough  to 
teach  principles  so  that  pupils  are  merely  able  to  write  them 
on  paper  in  answer  to  the  customary  examination  question. 
There  is  little  correlation  between  ability  to  state  a prin- 
ciple of  science  and  ability  to  apply  it  to  problem  solu- 
tion . "-2/ 

"A  functional  understanding  of  a principle  has  been 
attained  if  the  learner  has  acquired  ability  to  associate 
with  the  principle  the  ideas  from  his  immediate  and  from  his 

* A discussion  of  principles  is  given  in  Chapter  II. 

2/  Arthur  I.  Gates,  Arthur  T.  Jersild,  T.  R.  McConnell,  and 
Robert  C.  Cha liman,  Educational  Psychology.  New  York:  The 

Macmillan  Company,  1942.  p.  411. 

3/  Elliott  R.  Downing,  Introduction  to  the  Teaching  of 
Science . Chicago:  The  University  of  Chicago  Press,  1934. 

p.  9. 


...  . 


, . • 
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subsequent  experiences  that  are  related  to  it  and  if  he  is 
able  to  apply  the  principles  in  practical  applications « " "V 

The  value  of  generalization  was  shown  by  Judd  5/  in  an 
experiment  with  fifth  and  sixth  grade  boys*  The  task  was  to 
throw  a dart  at  a target  immersed  in  water.  One  group  tried 
to  hit  the  target  without  receiving  any  previous  instruction, 
while  the  second  group  received  an  explanation  of  refraction 
and  how  it  was  related  to  the  problem  at  hand.  The  same 
amount  of  time  was  required  of  both  groups  to  learn  how  to 
hit  the  target.  Then  the  depth  of  the  water  was  changed, 
making  a further  readjustment  necessary.  The  apparent  change 
in  the  position  of  the  target  confused  the  boys  of  the  first 
group,  whereas  the  boys  who  had  received  instruction  in  the 
principles  of  refraction  were  able  to  adapt  themselves 
readily  to  the  new  situation. 

In  an  experiment  involving  the  assembling  and  stripping 
of  an  electric  lamp  holder,  it  was  shown  that  instruction  in 
principles  improved  transfer  of  training. — it  was  also 
shown  that  a knowledge  of  principles  improved  reasoning  in- 
volving the  simple  techniques  of  analysis,  abstraction,  and 


4 / A Program  for  Teaching  Science,  Thirty-First  Yearbook  of 
the  National  Society  for  the  Study  of  Education,  Part  I. 
Bloomington,  111. j Public  School  Publishing  Co.,  1932,  p.  43. 

5_/  C.  H.  Judd,  Educational  Psychology.  New  York:  Houghton 

Mifflin,  1939,  p.  509.' 

6 / J.W.  Cox,  "Some  Experiments  on  Formal  Training  in 
Acquisition  of  Skill",  British  Journal  of  Psychology*  XXIV 
(1933)  67-87. 


• 

. 
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7/ 

generalization. — 

T.  R.  McConnell— gave  four  transfer  tests  to  two 
groups  of  second  grade  pupils.  One  group  was  taught  by  drill 
on  basic  addition  and  subtraction  facts,  while  the  second 
group  was  taught  with  the  emphasis  on  meaning  and  interrela- 
tionships of  the  combinations.  The  group  that  had  been  given 
the  meaningful  approach  were  slightly  ahead  in  all  four 
instances . 

Another  investigation,  emphasizing  the  discovery  and 

generalization  of  the  relationships  among  simple  addition 

9/ 

combinations,  was  made  by  C.  L.  Thiele-: — There  were  two 

second  grade  groups,  one  was  a drill  group,  and  the  other 


was  to  discover  and  use  principles  (expressed  in  their  own 
words)  such  as  the  following:  "When  you  add  one  to  any 

number,  the  answer  is  the  next  higher  number."  "You  go  up 
two  numbers  or  skip  a number  when  you  add  two."  "The  number 
is  the  same  when  you  add  zero."  "You  can  turn  any  combination 
around. " 

At  the  end  of  the  experiment,  a transfer  test  as  given 

7/  M.  C.  Barlow,  "Transfer  of  Training  in  Reasoning," 

Journal  of  Educational  Psychology,  XXVIII  (1937),  122-29. 


8/  T.  R.  McConnell,  "Recent  Learning  Theory:  Its  Implica- 

tions for  the  Psychology  of  Arithmetic,"  Sixteenth  Yearbook  of 
the  National  Council  of  Teachers  of  Mathematics.  New  York: 
Bureau  of  Publications,  Teachers  College,  Columbia  University, 
1941,  pp.  268-89. 


9/  C.  L.  Thiele,  The  Contribution  of  G-enerali zatlon  to  the 
Learning  of  Addition  Facts,  Teachers  College  Contribution  to 
Education  No.  763.  New  York:  Bureau  of  Publications, 

Teachers  College,  Columbia  University,  1939. 


. 

. 

■ 

. 


. 
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and  the  group  that  worked  with  the  principles  was  decidedly 
superior  to  the  drill  group. 

Kingsley—^/  states  that  one  of  the  ways  for  transfer  to 
take  place  is  "through  generalizations,  developed  during 
training,  when  the  learner  sees  the  applicability  of  a prin- 
ciple, rule,  or  method  of  attack  to  a new  situation  or  prob- 


lem." 

THE  APPLICATION  OF  PRINCIPLES  PROMOTES 
GREATER  RETENTION  OF  LEARNING 
Not  only  does  this  process  of  generalization  help  us  in 
problem  solving,  but  the  principles  learned  in  this  manner 
are  retained  for  longer  periods  of  time  than  mere  factual 
material.  Experimental  evidence  in  the  teaching  of  science 
shows  that  principles  are  retained  longer  than  memorized  facts. 

Frutchey-  11/  conducted  experiments  in  three  Ohio  high 
schools  to  determine  if  principles  of  chemistry  are  retained 
longer  than  facts.  Five  pre-tests  were  given  to  measure  cer- 
tain knowledges,  abilities,  and  skills.  Nine  months  later 
another  test  was  given  to  determine  what  gains  had  been  made. 

A year  after  completion  of  the  course,  another  test  was  given 
to  measure  retention. 


10/  Howard  L.  Kingsley,  The  Nature  and  Conditions  of  Learning. 
New  York:  Prentice-Hall,  Inc.,  1946.  p.  554 • 

11/  F.  P.  Frutchey,  "Retention  in  High  School  Chemistry," 
Educational  Research  Bulletin,  Ohio  State  University,  XVI 
^February,  1957 ) • 34-7* 


The  test  showed  that  factual  material  is  forgotten  more 
quickly  than  principles.  In  the  application  of  principles, 


10 


both  boys  and  girls  retained  the  same  percentages  as  their 
progress  in  the  course. 

From  the  results  of  zoology  course  examinations, 

12/ 

Tyler ' concluded  that  facts  are  forgotten  rapidly,  and 

that  material  of  general  information  is  more  permanent.  It 
was  found  that  during  a fifteen  month  period  the  ability  to 
apply  zoological  principles  to  entirely  new  situations  was 
not  seriously  lost  by  students.  Tyler  also  recommends  that 
examinations  developed  by  college  teachers  be  built  around 
materials  having  permanent  value  in  education. 

In  his  study  of  general  science,  Zeigler— showed  th; 
only  those  principles  which  students  meet  and  encounter  in 
their  daily  life  situations  are  retained  for  any  length  of 
time.  He  states  that  too  much  emphsis  is  put  on  facts  that 
will  soon  be  forgotten. 

Wert— shows  that  loss  of  retention  is  greater  with 
information  which  is  not  very  specific.  He  also  found  that 
pupils  show  some  gain  in  ability  to  apply  principles  of 
zoology  to  new  situations  after  a lapse  of  time. 


12/  Ralph  W.  Tyler,  "Permanence  of  Learning,"  Journal  of 
Higher  Education,  IV  (April,  1933) > 203-4. 

13/  Robert  T.  Zeigler,  "A  Study  of  Fact  Retention  in  General 
Sciences,"  Science  Education,  XXVI  (February,  1943),  83-4. 

14/  James  E.  Wert,  "Twin  Examination  Assumptions,"  Journal 
of  Higher  Education,  VIII  (March,  1937) , 136-40. 


- 

- 

■ 

. 
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Using  the  findings  of  Frutchey,  Tyler,  Johnson, 


15/ 


and 


others  as  a basis  for  study,  Reek- 


16/ 


found  that  teaching 


principles  of  science  resulted  in  higher  retention  than  the 

teaching  of  unrelated  facts. 

17/ 

Judd — u summarizes  as  follows, 

Science  instruction  is  often  a failure  because 
it  consists  in  mere  drill  on  isolated  items  of  in- 
formation. The  teaching  of  mathematics  frequently 
fails  because  it  does  not  go  beyond  the  presenta- 
tion of  authoritative  statements  which  are  true  but 
which  have  no  vital  meaning  to  pupils.  The  preven- 
tive for  the  narrowness  of  school  teaching  and  for 
lack  of  transfer  is  to  be  sought  in  the  organiza- 
tion of  instruction  in  such  a way  that  the  learner 
will  constantly  be  made  to  see  the  broad  relations 
of  items  of  experience.  A pupil  should  be  taught 
arithmetic  by  methods  which  will  facilitate  the 
transition  to  algebra.  He  should  be  taught  that 
the  findings  of  science  all  group  themselves  into 
related  systems  of  generalizations.  He  should  be 
taught  that  concentration  of  attention,  analysis, 
and  discrimination  are  useful  habits  of  mind  that 
he  can  use  in  all  the  situations  which  he  encoun- 
ters . 


One 


investigator- 


18/ 


discovered  that  pupils  who  under 


stood  geometry  in  simple  terms  and  figures  could  not  apply 
their  knowledge  correctly  when  complex  figures  v/ere  involved. 


15/  Palmer  0.  Johnson,  "The  Permanence  of  Learning  in  Ele- 
mentary Botany , " The  Journal  of  Educational  Psychology , XXI 
(January,  1930),  . 

16/  Doris  Lucille  Reek,  "A  Study  of  the  Principles  of  Science 
in  Four  Series  of  Textbooks  of  Elementary  Sciences," 
Unpublished  Master’s  Thesis,  University  of  Michigan,  194-3. 

17/  C.  H.  Judd,  op.  cit . , p.  514-. 

18/  R.  R.  Smith,  "Three  Major  Difficulties  in  the  Learning 
of  Demonstrative  Geometry,"  The  Mathematics  Teacher,  XXXIII 
(1940),  99-134,  150-78. 


* 

- 


. 

. 

....  , 
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Methods  were  devised  to  increase  transference:  first,  the 

pupils  were  taught  to  recognize  important  elements  in  figures 
presented  as  a whole;  second,  problems  were  generalized  so 
that  they  applied  to  different  figures  rather  than  for  Just 
one;  and  third,  terms  and  propositions  were  illustrated  in 
both  simple  and  complex  figures. 

Summarizing,  the  understanding  and  application  of 
principles  in  education  results  in  greater  transfer  to  differ- 
ent situations,  and  longer  retention  of  subject  matter. 

Through  constant  application  of  principles  to  specific  situa- 
tions, the  student  should  be  able  to  see  a relationship  be- 
tween school  and  "real  life".  Teaching  then,  must  have  two 
major  objectives;  "First,  it  must  bring  the  student  to  under- 
stand as  many  widely  useful  relationships,  principles,  or 
generalizations  as  possible;  second,  it  must  whet  the  student’s 
realization  that  his  previous  training  has  wide  possibilities 
for  transfer,  but  that  transfer  is  never  automatic.  It  must 
bring  a realization  that  transfer  comes  only  if  and  when  one 
senses  for  one’s  self  that  transfer  is  possible.  "-^/ 

PRINCIPLES  AS  OBJECTIVES 
IN  EDUCATION 

These  findings  have  implications  in  the  field  of  general 


1 9/  E.  E.  Bayles,  "An  Unemphasized  Factor  in  Current  Theories 
Regarding  the  Transfer  of  Training,"  Journal  of  Educational 
Psychology,  XXVII  (1936),  425-30. 


. 


. 
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education.  The  National  Society  for  the  Study  of  Education^/ 

reported  in  1932  that  " ideas  of  mastery  of  subject  matter 

of  the  field  as  such  and  the  disciplinary  value  of  the  subject 
expressed  in  terms  of  training  in  scientific  method  have  gov- 
erned the  thinking  of  teachers  of  chemistry  and  physics." 

/~It  is  encouraging  to  note  here  that  the  College  Entrance 
Examination  Boards  have  attempted  to  improve  the  examination 
questions  so  as  to  minimize  the  importance  of  preparing  for 
the  "College  Boards. "_7 

21/ 

The  National  Society  for  the  Study  of  Education ' then 

went  on  to  suggest  the  use  of  principles  and  generalizations 

as  objectives  in  teaching;  "The  major  generalizations  and 

associated  scientific  attitudes  are  seen  as  of  such  importance 

that  the  understanding  of  them  are  made  the  objectives  of 

science  teaching."  " in  order  for  our  knowledge  of 

science  to  be  of  largest  service,  it  must  be  in  the  form  of 

22/ 


principles 


W.  D.  Reeve- 


22/ 


writes  that  "one  of  the  chief  aims  of 


20/  A Program  For  Teaching  Science,  op.  cit . , p.  246. 

21/  A Program  For  Teaching  Science , op . cit . , p . 44 . 

22/  The  Junior  High  School  Curriculum,  Fifth  Yearbook, 
Department  of  Superintendence,  National  Education  Association. 
Washington:  Government  Printing  Office,  1927 > p.  150. 

23/  Joint  Commission  of  the  Mathematical  Association  of 
America,  Inc.,  and  the  National  Council  of  Teachers  of  Mathe- 
matic s : The  Place  of  Mathematics  in  Secondary  Education, 

Fifteenth  Yearbook  of  the  National  Council  of  Teachers  of 
Mathematics.  New  York:  Bureau  of  Publications,  Teachers 

College,  Columbia  University,  1940,  217-22. 


... 

. . 


. 

. 

• ' 


the  schools  has  always  been  to  impart  information  which  can 
be  employed  in  one  way  or  another  by  the  boy  or  girl  both  in 
youth  and  later  in  life.  Certain  factual  knowledge  is  part  of 
the  essential  equipment  of  even  a moderately  educated  person. 
But  it  is  not  enough,  for  equally  important  is  the  ability  to 
think  in  terms  of  broad  concepts  and  to  apply  general  princi- 
ples. " 

You  might  well  ask,  now,  "Does  this  also  apply  in  the 
teaching  of  mathematics?"  The  Commission  on  Post-War  Plans 
states^— ^ that  "At  all  stages  of  mathematical  instruction, 
the  first  concern  of  the  teacher  should  be  that  of  developing 

a real  understanding  of  key  concepts  and  principles It 

calls  for  constant  and  insistent  attention  to  significant 
applications."  Again,-  25/  "The  work  of  each  year  should  be 
organized  into  a few  large  units  built  around  key  concepts 
and  fundamental  principles." 

Here  we  have  presented  a number  of  cases  in  both  mathe- 
matics and  science  that  show  a need  of  listing  principles  to 
be  taught  in  the  schools.  If  these  examples  do  not  point  in 
this  direction,  then  certainly  we  must  have  a definite  under- 
standing of  what  we  mean  by  a principle. 


24  / "The  Second  Report  of  the  Commission  on  Post-War  Plans", 
The  Mathematics  Teacher,  XXXVIII  (May,  194-5)  > 195-221 


25  / ibid 
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CHAPTER  II 

CRITERIA  FOR  A PRINCIPLE  CF  GEOMETRY 


WORK  DONE  IN  ESTABLISHING  CRITERIA 
FOR  A PRINCIPLE  OF  SCIENCE 

In  order  for  us  to  determine  principles  of  geometry,  we 
must  define  the  word  and  set  up  criteria  for  determining  whe- 
ther a statement  is  or  is  not  a principle.  Several  attempts 
to  define  principles  have  been  made  in  the  field  of  science 


education , 


JL/ 


hut  these  are  not  entirely  applicable  in  mathe- 


matics. A representative  set  of  criteria  for  principles  of 


science  is  one  given  by  Robertson: 


/ 


To  be  a principle,  a statement: 

1.  Must  be  a comprehensive  generalization. 

2.  Must  be  true  without  exception  within  the  lim- 
itations specifically  stated. 

3.  Must  be  clear  statement  of  a process  or  interaction. 

4.  Must  be  capable  of  illustration  so  as  to  gain 
conviction . 

5*  Must  not  be  part  of  larger  principles. 

6.  Must  not  be  a definition. 

7-  Must  not  deal  with  specific  substance  or  variety 
or  with  a limited  group  of  substances  or  species. 

It  can  be  seen  that  some  of  these  criteria  apply  to  math- 


ematics while  others  do  not.  The  third  and  seventh  criteria 


most  obviously  do  not  apply. 

A somewhat  better  statement  of  criteria  was  given  by 


_1/  W.  Edgar  Martin,  "A  Chronological  Survey  of  Research 
Studies  on  Principles,"  Science  Education,  XXIX ( February , 194-5) 

2/  Martin  L.  Robertson,  "A  Basis  for  the  Selection  of  Course 
Content  in  Elementary  Science,"  Unpublished  Doctor's  Disser- 
tation, University  of  Michigan,  1934- • 


r 
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Martin  in  his  work  with  principles  of  biological  science.  He 

3/ 

said  of  a principle,—^ 

(1)  It  must  be  a comprehensive  generalization  which 
resumes  the  widest  possible  range  of  facts  within 
the  domain  of  facts  with  which  it  is  directly  con- 
cerned. The  facts  resumed  in  the  generalization 
must  denote: 

a.  Objects  and/or  events,  and  the  relations  be- 
tween them. 

b.  Properties. 

(2)  It  must  be  scientifically  true.  To  satisfy 
this  criterion: 

a.  It  must  be  verifiable;  i.e.,  it  must  be  sta- 
ted so  that  it  suggests,  directly  or  indirectly, 
a definite  observation  or  experiment  whereby 
its  truth  can  be  tested  or  verified. 

b.  It  must  be  consistent  with  the  body  of  ac- 
cepted scientific  knowledge,  and  except  for  a 
few  limiting  or  singular  exceptions,  with  all 
the  data  relevant  to  it. 

Now  it  must  be  explained  what  we  mean  by  a principle  of 
geometry,  or  more  generally,  a principle  of  mathematics. 


COMPONENTS  OF  MATHEMATICAL  KNOWLEDGE 
In  Chapter  I,  we  discovered  that  understanding  consisted 
of  three  levels  of  knowledge,  the  aequistion  of  facts,  the 
organization  of  facts  into  relationships,  and  generalization. 
Likewise,  we  may  think  of  different  levels  in  mathematical 
knowledge.  First,  we  have  the  elements  and  classes;  second, 
we  have  relationships  and  operations;  and  third,  we  have  gen- 
eralizations which  in  turn  consist  of  axioms,  postulates, 
definitions,  and  propositions.  The  first  two  groups  might  be 
combined  and  considered  as  being  basic  in  this  paper.  As 
such,  we  can  accept  them  as  undefined  terms,  and  not  concern 


_2 L W.  Edgar  Martin,  op . ci t ♦ , p.  46. 
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ourselves  with  distinguishing  them  in  the  present  task.  How- 
ever, we  must  try  to  separate  the  members  of  this  third  group 
of  generalizations  in  order  to  define  a principle  more 
clearly. 

ESTABLISHING  CRITERIA  FOR  DETERMINING 
A PRINCIPLE  OF  GEOMETRY 

It  can  be  seen,  then,  that  this  final  step  of  generali- 
zation has  something  to  do  with  the  formation  of  principles. 

A natural  conclusion  to  this  would  be  that  a principle  is  a 
part  of  a class  called  generalizations. 

CRITERION  1:  A principle  is  a generalization. 

Can  all  generalizations  be  considered  as  principles 
though?  Apparently,  if  this  was  the  case,  the  number  of  prin- 
ciples would  be  very  large,  and  there  would  be  much  overlap- 
ping. Therefore,  it  can  be  concluded  that  principles  are 
only  a part  of  large  group  of  generalizations,  and  we  must 
devise  a list  of  criteria  if  we  are  to  select  the  true  prin- 
ciples. By  making  such  a list,  we  will  have  defined  a princi- 
ple, and  the  strength  of  the  definition  will  depend  on  the 
validity  of  the  criteria. 

What  is  meant  by  a geometric  generalization?  The  answer 
to  this  question  is  to  be  found  in  the  various  parts  that  go 
to  make  up  the  system  of  logic  called  geometry.  These  classi- 
fications are  familiar  to  all  students  of  geometry  as;  axioms, 
postulates,  definitions  and  propositions.  Under  propositions 


t 

. . 


- 


• 

. 
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we  shall  consider  theorems,  corollaries,  constructions,  and 
general  geometric  statements  of  interest  in  a discussion  of 
principles.  Construction  here  refers  to  the  type  of  geometric 
drawing  that  is  made  by  using  only  two  instruments,  the  com- 
pass and  the  straight-edge.  The  construction  is  included  here 
because  a principle  or  a combination  of  principles  is  required 
in  its  making. 

Of  this  group  of  generalizations,  the  propositions  are 
the  only  ones  that  are  logically  derived,  so  two  sub-groups 
can  be  formed.  One  sub-group  is  made  up  of  assumptions- -the 
Assumption  Sub-Group.  The  other  sub-group  is  made  up  of 
logically  derived  propositions--the  Derivative  Sub-Group. 

This  difference  shouldn't  give  hindrance  in  selecting  a 

4 

principle  since  a principle  may  be  either  assumed  or  proved. — / 

A question  arises,  however,  of  the  relationship  between 
the  members  of  the  Assumption  Sub-Group.  Do  they  belong  to- 
gether in  a group?  In  a way,  yes,  because  they  are  not 
proven  statements.  On  the  other  hand,  there  are  differences. 
Axioms  are  thought  of  as  fundamental  notions  of  general  logic, 
or  as  Euclid  said,  "Common  conceptions  of  thought."  Postu- 
lates are  thought  of  as  fundamental  assumptions  in  a particu- 
lar branch  of  logic,  or  thought.  A definition,  according  to 
Webster's  dictionary,  is  "any  statement  either  of  equivalence 
or  connotation,  or  intention,  or  of  the  reciprocal  implication 


4/  Glen  James,  Mathematics  Dictionary.  Van  Nuys,  Calif.: 
The  Digest  Press,  1943. 
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of  terras." 

It  is  now  evident  that  the  Assumption  Sub-G-roup  can  be 
divided  into  two  further  groups.  The  first  group  consists  of 
axioms  and  postulates,  the  second  consists  of  definitions. 

Let  us  continue  with  a discussion  of  definitions. 

In  the  first  place,  every  definition  is  reversible.  That 
is,  it  can  be  turned  around  and  still  mean  the  same  thing. 
Suppose  we  look  at  a mathematical  definition,  "A  triangle  is 
a polygon  of  three  sides."  Reversing  it,  "A  polygon  with 
three  sides  is  a triangle."  Each  is  different  from  the  other. 
One  describes  a triangle,  the  other  a three-sided  polygon. 
However,  one  is  the  reverse  of  the  other. 

Only  definitions  that  are  sonsi stent  within  a system 
should  be  used.  Although  we  usually  follow  meanings  that 
have  become  established  through  custom,  it  is  possible  for 
us  to  make  our  own  definitions.  For  instance,  we  could  have 
said  that  "A  triangle  is  a polygon  with  four  sides."  and  have 
been  entirely  within  our  rights.  It  must  be  remembered,  how- 
ever, that  our  definition  must  be  consistent  within  a particu- 
lar system  if  we  are  contemplating  such  a deviation  from  cus- 
tom. Furohormore,  even  though  a definition  does  consists  of 
previously  defined  terms,  it  is  not  obtained  by  logical  de- 
duction from  the  previously  accepted  group  of  facts. 

Finally,  a definition  is  used  to  introduce  a new  symbol- 
ism or  concept--a  "short-cut"  if  you  will.  For  example:  "A 

parallelogram  is  a quadrilateral  whose  opposite  sides  are 


. 

* 
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parallel."  Instead  of  repeating  a lengthy  description  every 
time  we  refer  to  this  figure,  we  can  now  use  the  new  symbol, 
parallelogram. 

Summarizing,  a definition  is  a convention  which  is 

1.  Reversible. 

2.  Consistent  within  the  system. 

3.  Not  deduced  from  previously  accepted  knowledge  by 

logical  sequence. 

4.  Used  to  introduce  a new  symbolism  or  concept. 

These  criteria  do  not  necessarily  imply  a good  definition 
but  they  do  set  limits  for  a general  definition,  whether  it 
is  good  or  bad. 

For  our  discussion,  the  fourth  criterion  is  the  one  of 
greatest  importance.  Since  a definition  is  used  to  introduce 
a new  symbolism,  it  appears  that  a definition  is  actually  un- 
necessary in  our  game  of  reasoning.  Admittedly  our  thinking 
and  expression  would  be  handicapped  without  definitions,  but 
it  would  seem  that  this  convenience  should  not  be  included  in 
our  list  of  principles 

CRITERION  2:  A principle  is  not  merely  a definition. 

The  following  diagram  shows  that  Principles  and  Defini- 
tions are  both  under  the  same  classification  of  Generaliza- 
tion, but  at  the  same  time  they  are  quite  different. 


GENERALIZATIONS 

| PRINCIPLES  | | DEFINITIONS 


. 
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Can  a postulate  be  a principle?  Today,  we  think  of  a 
postulate  as  an  assumed  truth,  and  authors  of  modern  text- 
books postulate  any  statement  they  do  not  wish  to  prove,  or 
have  proved.  In  view  of  the  recommendations  of  the  Committee 


on  G-eometry, 


-5/ 


this  seems  to  be  in  accord  with  present  ideas 


of  good  teaching.  Euclid,  however,  adhered  strictly  to  the 

/T  / 

idea  that  postulates  were  basic  assumptions-^  needed  to  prove 
all  subsequent  propositions. 

A discussion  of  the  philosophy  of  geometry  is  beyond  the 

scope  of  this  paper,  and  the  author  can  only  refer  the  reader 

7/ 

to  the  various  schools  of  geometric  thought.— ^ Therefore, 

the  use  of  the  term  "basic  assumptions"  in  the  broad  sense 

seems  to  be  justifiable  here. 

Before  going  on,  let  us  stop  and  find  out  what  is  meant 

8 / 

by  "A  perfectly  scientific  system  of  assumptions."  Shibli — ' 
gives  us  the  following  fundamental  properties  of  such  a system. 
1.  Consistency,  meaning  that  no  axiom  /~or  assumption_7 
contradicts  the  others,  and  that  propositions  deduced 
from  the  system  lead  to  no  contradictions. 


5/  Ralph  Beatley,  "Third  Report  of  the  Committee  on  Geometry,' 
The  Mathematics  Teacher,  XXVIII  (1935),  329-79,  401-50. 

6/  Not  capable  of  being  proved  by  any  previously  accepted 
statement. 

7/  See  Bibliography,  "On  the  Foundations  of  Mathematics." 

8/  J.  Shibli,  Recent  Developments  in  The  Teaching  o£  Geometry. 
State  College,  Pennsylvania:  Published  by  Author,  1932. 
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2.  Independence , meaning  that  no  axiom  /_  or  assumption^ 
could  be  deduced  from  the  others* 

3.  Completeness , meaning  that  all  the  axioms  {_  or  assump- 
tions^ used  in  the  science  are  explicitly  stated  so 

that  all  the  theorems  /_  propositions_7  can  be  derived 
from  them  without  further  appeal  to  intuitions* 

Since  postulates  form  the  oasic  structure  of  our  geo- 
metric reasoning,  it  would  seem  that  at  least  some  of  them 
could  be  classified  as  principles--perhaps  all  of  them  in  the 
case  of  Euclid's  "irreducible  minimum". 

Let  us  look  at  Euclid' s first  postulate.  "Let  it  be 
conceded,  to  draw  a straight  line  from  any  point  to  any 
point".  Or,  "one  straight  line,  and  only  one,  can  be  drawn 
through  t\\ro  given  points*"  Although  in  a sense  this  may  be 
a definition,  there  is  no  reciprocity  between  the  terms,  and 
there  is  no  mere  introduction  of  new  symbolism.  A closer 
examination  of  this  postulate  will  reveal  a new  distinction — 
the  "If....,  then..."  relationship.  In  other  words,  the 
existence  of  two  points  implies  the  possibility  of  there 
being  one,  and  only  one  straight  line  between  them. 

CRITERION  3:  A principle  denotes  a relationship  of  implica- 


tion. 


Do  axioms  belong  in  the  same  category?  Euclid' s first 
axiom  states,  "Things  equal  to  the  same  thing  are  equal  to 


each  other".  Apparently  this  is  a principle.  Further,  axioms 
are  assumptions  for  use  as  general  rules  in  the  process  of 


5 

— 


reasoning.  Thus,  a distinction  is  made  between  axioms  and 
postulates.  Axioms  are  general  assumptions,  whereas  postulates 
are  assumptions  in  a specific  system. 
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The  fact  has  already  been  established  that  assumptions 
must  be  consistent  in  order  for  our  system  to  be  built  up  on 
a logically  sound  basis.  But  we  must  go  a step  further  and 
say  that  there  must  be  no  contradiction  within  the  system. 
This  implies  consistency  in  all  of  our  reasoning  as  well  as 
in  our  basic  assumptions.  It  is  not  difficult  to  see  that 
even  if  our  foundation  is  sound,  the  system  will  collapse  if 
any  part  of  it  is  inconsistent. 

CRITERION  4:  A principle  must  be  consistent  within  the 

system. 

It  will  be  noticed  that  now  we  have  classified  the  mem- 
bers of  our  Assumption  Sub-G-roup.  Definitions  have  been 
classified  as  non-principles,  axioms  and  postulates  as  prin- 
ciples. Our  next  consideration  will  be  the  class  of  propo- 
sitions. Obviously,  all  of  the  propositions  in  geometry 
cannot  be  principles,  but  some  of  them  must  be  principles. 
Although  a proposition  may  be  deduced  from  postulates,  or 
previous  propositions,  the  proposition  is  not  necessarily  a 
part  of  the  postulate.  For  example,  "The  area  of  a rectangle 
is  equal  to  the  product  of  its  base  and  altitude,"  would  seem 
to  be  a principle  even  though  it  is  logically  derived.  Fur- 
thermore, it  is  not  a part  of  a larger  principle.  Therefore, 
a derived  proposition  may  be  a principle  if  it  is  not  a part 


: 

. 

. 

. 

. 

. 

. 

. 


of  a larger  generalization  and  meets  the  .other  requirements. 
CRITERION  5:  A principle  is  not  a part  of  a larger  generali- 

zation . 


GENERALIZATIONS 


AXIOMS 


POSTULATES 


PROPOSITIONS 


DEFINITIONS 


This  far  we  have  tried  to  give  criteria  that  would  dis- 
tinguish a certain  group  of  comparable  generalizations  that 
can  be  called  principles.  The  criteria  must  include  all 
principles  and  exclude  anything  that  is  not  a principle. 

Such  a list,  then,  can  be  used  as  a check  list  for  determin- 
ing whether  a statement  is,  or  is  not  a principle  of  geometry. 
The  diagram  shown  above  illustrates  the  process  of  selecting 
a principle.  Of  all  geometric  generalizations,  Axioms  and 
Postulates  are  entirely  in  the  area  of  Principles,  Propositions 
are  partly  under  Principles  and  partly  not,  while  Definitions 
are  definitely  not  considered  as  Principles. 


STATEMENT  OF  CRITERIA 


FOR  DETERMINING  A PRINCIPLE  OF  GEOMETRY 

In  summary,  a principle  of  mathematics  (with  particular 
reference  to  geometry)  will  be  defined  as  being  determined  by 
the  following  criteria: 

A principle  of  geometry; 

(1)  is  a generalization  that  can  be  definitely  stated. 

(2)  is  not  a description,  or  a definition  as  previously 

discussed  in  this  paper. 

(3)  denotes  a relationship  of  implication. 

(4)  is  consistent  within  its  own  system. 

(5)  is  not  a part  of  a larger  generalization  which 

satisfies  criteria  (1),  (2),  (3)>  and  (4). 

In  our  series  of  additions  and  eliminations,  we  have 
defined  what  can  and  what  cannot  be  called  a principle  of 
geometry.  The  following  diagram  will  aid  in  showing  how  the 
situation  now  stands. 


ILLUSTRATIONS  SHOWING  USE  OF  CRITERIA 

How  can  these  criteria  be  used  to  determine  principles 
of  geometry?  A few  statements  will  be  examined  to  show  the 
process  of  elimination  and  selection.  For  example;  a state- 
ment is  found  that  states,  "The  bisector  of  an  angle  of  a 
triangle  bisects  the  opposite  side."  It  must  first  be  deter- 
mined whether  or  not  the  statement  is  a generalization.  In 
the  case  of  an  isosceles  triangle  in  which  the  vertex  angle 
is  bisected,  the  opposite  side  is  bisected.  But  if  we  length- 
en one  of  the  sides,  our  rule  doesn’t  hold.  Our  statement, 
then,  is  not  a generalization,  and  hence  not  a principle. 

Again,  consider  the  statement  "A  right  angle  is  one  of 
the  angles  formed  by  a line  that  meets  another  line  so  as  to 
make  equal  angles."  This  satisfies  our  criteria  for  a defi- 
nition, and  as  such,  cannot  be  considered  a principle  accord- 
ing to  the  second  criterion  for  a principle. 

If  the  statement  "A  line  may  have  an  unlimited  number 
of  lines  perpendicular  to  it  at  different  points  on  the  line." 
is  examined,  it  appears  to  be  a generalization,  and  not  a 
definition.  But  still,  the  statement  in  question  seems  to  be 
little  more  than  a mere  statement  of  fact.  As  the  statement 
stands,  no  particular  line  can  be  pointed  out  as  t he  perpen- 
dicular to  the  line,  but  an  infinite  number  of  lines  may  be 
perpendicular  to  it.  The  statement,  then,  would  be  disquali- 
fied as  a principle  under  Criterion  3,  which  states  that  a 
principle  involves  a relationship  of  implication. 
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Such  an  assumption  as  "Two  points  sometimes  determine 
one  straight  line,  sometimes  more  than  one  straight  line." 
is  ruled  out  by  Criterion  4.  Whereas  it  might  be  a principle 
in  another  system,  it  is  entirely  inconsistent  with  the 
system  under  discussion. 

The  fifth  criterion  is  responsible  for  the  elimination 
of  many  non-principles,  which  are  parts  of  larger  generali- 
zations. For  example;  "The  sum  of  the  angles  of  a triangle 
is  180° . " This  statement  can  be  called  a principle  under 
the  first  four  criteria,  but  it  breaks  down  under  the  fifth 
criterion,  because  it  is  a part  of  the  larger  principle, 

"The  sum  of  the  interior  angles  of  an  n-gon  is  l80(n-2)°" 

In  this  manner,  an  attempt  will  be  made  to  determine 
principles  of  geometry 


. • 
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CHAPTER  III 


PRINCIPLES  OF  GEOMETRY 
APPROACHING  THE  PROBLEM 

The  search  for  principles  of  geometry  should  begin  with 
the  definition  of  a principle.  In  Chapter  II  an  attempt  was 
made  to  describe  the  thinking  that  led  to  the  formulation  of 
a set  of  criteria  that  could  be  used  to  determine  whether  a 
statement  was  or  was  not  a principle  of  geometry.  These 
criteria  are  statements  of  characteristics  that  (1)  are  of 
comparable  generality,  (2)  include  all  principles  in  a par- 
ticular system,  and  (3)  exclude  any  statement  that  is  not  a 
principle.  As  such,  then,  these  criteria  are  defining  re- 
strictions. 

After  the  criteria  were  determined,  four  plane  geometry 
textbooks  written  for  the  high  school  were  chosen  at  random. 
From  each  of  these  books  was  made  a list  of  all  statements 
that  met  the  conditions  of  the  criteria  and  all  statements 
about  which  there  was  some  question  as  to  whether  or  not  it 
was  a principle. 

The  proposed  principles  thus  chosen  were  listed  and 
marked  to  indicate  which  book  or  books  contained  them.  This 
was  done  to  obtain  a tentative  list  of  principles  which  could 
serve  as  a basis  for  the  study. 

It  was  decided  that  the  textbooks  to  be  analyzed  would 
be  selected  by  publishers.  That  is,  since  an  analysis  of  ten 
books  was  the  goal,  ten  well-known  publishing  houses  were  se- 
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lected  and  one  plane  geometry  textbook  was  chosen  from  the 
current  price  list  of  each  company.  There  were  no  further 
criteria  for  selecting  the  books,  such  as  date,  reputation  of 
the  authors,  etc. 

The  study  was  primarily  an  analysis  for  principles  in- 
cluded in  current  textbooks,  and  time  did  not  permit  an 
additional  study  to  determine  the  ten  most  widely  used  text- 
books. Therefore,  it  was  decided  that  publishers  should  be 
cnosen  by  apparent  size  and  reputation.  The  copyright  date 
was  considered  of  no  importance  as  long  as  the  book  was  listed 
in  current  catalogs,  and  it  was  felt  that  a consideration  of 
the  reputation  and  qualifications  of  the  author  was  too  arbi- 
trary to  be  of  much  importance  in  this  study. 

After  the  books  had  been  selected,  they  were  analyzed 
for  principles,  and  an  identifying  entry  was  made  in  the 
table  of  tentative  principles.  If  a new  principle  was  dis- 
covered, it  was  added  to  the  list.  In  the  table,  the  left  half 
of  the  page  contained  statements  of  the  principles  while  the 
right  half  was  divided  into  ten  numbered  vertical  columns. 

The  numbers  represented  the  textbooks. 

The  entries  in  this  table  of  principles  consisted  of 
letters  that  represented  the  manner  in  which  the  aumor  used 
the  principle.  For  example:  Did  the  author  list  the  princi- 

ple as  an  axiom,  postulate,  theorem,  corollary,  construction, 
or  did  he  state  it  in  the  descriptions,  explanations,  or 
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general  reading  material? 

It  was  noted  at  this  point  that  some  new  proposed  prin- 
ciples had  been  added  to  the  list.  Any  book  that  had  been 
examined  prior  to  making  an  addition  was  carefully  reviewed 
to  determine  whether  or  not  it  contained  the  new  principle. 

In  this  manner,  each  book  was  checked  against  the  others. 

Upon  completion  of  the  list,  each  principle  was  again 
evaluated  by  means  of  the  criteria,  and  all  statements  that 
were  definitely  non-principles  were  eliminated.  Admittedly 
some  of  the  statements  given  in  this  study  are  actually  not 
principles,  since  they  could  be  ruled  out  by  Criterion  5* 

This  says,  in  effect,  that  a part  of  a larger  generalization 
cannot  be  called  a separate  principle.  It  will  be  explained 
here,  that  these  few  non-principles  have  been  added  to  the 
list  for  reasons  of  clarity,  the  thought  being  that  if  the 
list  of  principles  was  reduced  to  an  absolute  minimum,  the 
problem  would  be  removed  too  far  from  actual  teaching  prac- 
tice in  the  high  school.  That  is,  there  would  be  no  connec- 
tion between  the  language  of  this  list  and  the  language  of 
the  geometry  that  is  presently  being  taught  in  the  high 
school.  Since  it  is  hoped  that  this  study  might  be  of  some 
use  to  the  teacher,  pure,  logical  reduction  is  not  altogether 
appropriate . 

Let  us  take  an  example;  "The  locus  of  a point  at  a given 
distance  from  a given  point  is  a circle  with  the  point  as 
center  and  the  given  distance  as  radius."  This  theorem  is  in 


in  reality  a restatement  of  Euclid’s  Postulate  5»  which 
states  that,  "One  and  only  one  circle  can  he  drawn  with  any 
point  as  center  and  any  line  segment  as  radius."  Although 
both  of  these  statements  could  be  considered  as  one  principle 
it  was  felt  that  both  should  be  retained  since  their  respec- 
tive positions  were  important. 

Where  it  was  thought  that  further  question  might  arise 
from  a listing  in  the  table,  an  explanatory  footnote  was  in- 
serted. Examples  of  this  are  the  principles  on  the  congru- 
ence and  similarity  of  polygons. 


EXPLANATION  OF  TABLES 


The  reader  will  notice  that  the  table  is  divided  verti- 
cally into  two  main  columns,  one  for  principles  and  the  other 
for  their  sources.  The  principles  are  numbered  consecutively 
from  one  to  ninety-five,  but  are  divided  roughly  into  sub- 
headings, namely: 

Axioms . 

Euclid's  Five  Postulates. 

Lines,  Points,  and  Angles. 

Parallel  Lines. 

Triangles . 

Polygons . 

Regular  Polygons  and  Circles. 

Circles . 

Area. 

Proportion. 

Locus . 

Limits . 

In  the  column  labeled  "Source",  the  textbooks  that  were 
analyzed  are  listed  by  numbers  one  to  ten,  to  correspond  to 
the  following  list: 

(1)  Royal  A.  Avery,  Plane  G-eometry.  Boston:  Allyn  and  Bacon, 
1936. 

(2)  A.  M.  Welchons  and  W.  R.  Krickenberger , Plane  G-eometry. 

Boston:  G-inn  and  Company,  1940. 

(3)  Theodore  Herberg  and  Joseph  B.  Orleans,  A New  G-eometry 
for  Secondary  Schools.  Boston:  D.  C.  Heath  and  Co.  , 194-07 

(4)  F.  Eugene  Seymour  and  Paul  James  Smith,  Plane  Geometry. 

New  York:  The  Macmillan  Company,  1941. 

(5)  David  P.  Smith,  Jr.  and  Anthony  I.  Marino,  Plane  G-eometry 

Columbus,  Ohio:  Charles  E.  Merrill  Co.,  Inc.,  1948. 

(6)  Raleigh  Schorling,  John  R.  Clark,  and  Holland  R.  Smith, 

Modern  School  Geometry.  New  York:  World  Book  Company,  1938. 
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(7)  Leroy  H.  Schnell  and  Mildred  Crawford,  Clear  Thinking: 
An  Approach  Through  Plane  Geometry.  New  York:  Harper  and 

Bros . , 19^3 


(8)  Frank  M.  Morgan,  John  A*  Foberg,  and  W.E.  Breckenridge , 

Plane  Geometry*  Boston:  Houghton  Mifflin  Co.,  1939 

(9)  Joseph  A.  Nyberg,  Fundamentals  of  Plane  Geometry. 

New  York:  American  Book  Company , 1944. 

(10)  George  David  Birkhoff  and  Ralph  Beatley,  Basic  Ge ome t ry . 

Chicago:  Scott,  Foresman  and  Company,  1941. 
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If  a principle  is  located  in  a particular  book,  a dis- 
tinguishing mark  is  placed  opposite  the  principle,  and  under 
the  number  representing  that  book.  For  example,  on  the  first 
page  of  the  table,  the  principle  "If  equals  are  added  to  equals, 
the  sums  are  equal"  will  be  found  in  all  ten  of  the  books 
that  were  examined. 

Now,  it  will  be  noticed  that  different  identifying  marks 
appear  throughout  the  table.  These  letters  represent  the 
manner  in  which  the  author  presented  any  given  principle. 


X 

Represents 

Axioms. 

p 

Represents 

Postulates. 

T 

Represents 

Theorems. 

C 

Represents 

Corollaries. 

S 

Represents 

Constructions. 

I 

Represents 

Statements  found 
material. 

in 

the 

Reading 

E 

Represents 

Statements  found 

in 

the 

Exercises 

For  example:  Let  us  return  to  our  Principle  1.  It  now 

reads;  "If  equals  are  added  to  equals,  the  sums  are  equal." 


is  listed  as  an  Axiom  in  all  ten  of  the  textbooks  examined 
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TABLE 

PRINCIPLES  OF  GEOMETRY 


Principles 


Source 


1234-56789  10 


Axioms. 

1.  If  equals  are  added  to 
equals,  the  sums  are  equal. 

If  equals  are  subtracted  from 
jquals,  the  remainders  are  equal. 

If  equals  are  multiplied  by 
equals,  the  products  are  equal. 

4.  If  equals  are  divided  hy 
equals,  the  quotients  are  equal. 

5.  Quantities  equal  to  the  same 
or  equal  quantities  are  equal  to 
each  other. 

6.  The  whole  is  equal  to  the  sum 
of  its  parts,  and  is  greater  than 
any  of  iLs  parts. 

7.  If  the  first  of  three  quanti- 
fies is  greater  than  the  second, 
and  the  second  is  greater  than  the 
third,  then  the  first  is  greater 
than  the  third. 

If  unequals  are  increased  by, 
>r  diminished  by  positive  equals, 
^he  results  are  unequal  in  the 
jame  order. 

).  Of  two  quantities  of  the  same 
:ind,  the  first  is  greater  than, 
equal  to,  or  less  than  the  second. 


10.  If  unequals  are  subtracted  from 
equals,  the  remainders  are  unequal 
in  the  reverse  order.  X 
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TABLE  (continued) 


Principles 


Source 


123456789  10 

11.  If  unequals  are  added  to  un- 
equals in  the  same  order,  the  sums 

are  unequal  in  the  same  order*  XXXXXXXXXX 


Euclid’ s Five  Postulates. 


12.  One  and  only  one  straight  line 
can  be  drawn  between  two  points.  3 

13 • In  a given  plane,  a straight 
line  can  be  extended  in  either 
direction  to  any  desired  length. 

14.  One  and  only  one  circle  can 
be  drawn  with  any  point  as  center 
and  any  line  segment  as  radius. 

15.  All  right  aggies  are  equal 
to  one  another. 

16.  Through  a given  point  not 
on  a given  line,  one  and  only  one 
line  can  be  drawn  parallel  to  the 
given  line. 


PPPPPPPPP 


PPPPPPPPI 


P P 


P 

P 


P 

P 


P P 


P 

P 


P P 


P P P 


P P P 


P P 


P P 


* This  asserts  that  the  right  angle  is  the  standard  unit  for 
measuring  angles.  It  also  implies  the  principle  of  invariabil- 
ity of  figures,  or  the  homogeneity  of  space.”  From,  J.  Shibli, 
decent  Developments  in  the  Teaching  of  Geometry,  .State  College, 


’a.,  1932.  p.  94. 


* 

. 


* 


•• 

. 1 

. 

, 


- 

* 

* 

- - 


. * 


. 


4 


TABLE  (Continued) 


2L 


Principles 


Source 


1.  23456769  10 


Lines,  Points,  and  Angles, 


17*  Three  points  determine  a 
lane . 


18.  A point  in  a plane  is  deter- 

mined by  two  conditions.  (Two 
straight  lines  can  intersect  in 
only  one  point.)  P 

19.  The  points  on  any  straight 
line  can  be  numbered  so  that  number 
differences  measure  distances. 

20.  Through  a given  point  an  unlim- 
ited number  of  lines  can  be  drawn. 


21.  At  a point  in  a line,  or  a 
point  outside  a line,  one  perpen- 
dicular and  only  one  can  be  drawn 
to  the  line.  P P 


22.  A straight  line  is  the  short- 
est distance  between  two  points.  P 

1 

23.  The  shofctest  distance  from  an 

external  point  to  a line  is  the 

perpendicular  distance  from  the 

point  to  the  line.  T 

- 

24.  The  sum  of  the  angles  about  a 

point  on  one  side  of  a straight 
line  passing  through  the  point 
equals  two  right  angles  P 

25.  The  sum  of  the  angles  about  a 
point  equals  four  right  angles.  P 

26.  When  two  lines  intersect,  the 

vertical  angles,  formed  in  pairs, 
are  equal.  T 

27*  All  half-lines  having  the  same 
end-point  can  be  numbered  so  that 
number  differences  measure  angles. 


P P P 


P T 


P P T 


PPPPPPPI 


P P P P C 
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TABLE  (Continued) 
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Principle  Source 
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Parallel  Lines. 

28.  All  lines  parallel  to  the  same 

line  are  parallel  to  each  other.  CCPTCTTTTC 

29.  A transversal  meets  each  line 
of  a system  of  parallels  at  the 

same  angles.  * TTTTTTTTTT 

30.  If  a series  of  parallel  lines 
intercept  equal  or  proportional 
segments  on  one  transversal,  they 
intercept  equal  or  proportional 
segments  on  any  transversal. 

31.  Parallel  lines  intercept 
equal  arcs  on  a circle. 


T T 
T T 


T T 
T T 


T T 
T T 


T T 
T T 


T T 
T T 
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lt can  be  seen  that  Principle  29  includes  the  equality  of 
corresponding  and  alternate  interior  angles  formed  by  a trans- 
versal crossing  two  parallel  lines.  In  addition,  it  implies 
that  two  lines  perpendicular  to  the  same  line  are  parallel. 
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Principles  Source 

12  3^5  6739  10 

Triangles . 

32.  The  perpendicular  bisectors  of 
the  sides  of  a triangle  are  concur- 
rent in  a point  equidistant  from 

the  vertices.  ( Circumcenter ) TT  TTTTTTTE 

33.  The  bisectors  of  the  angles  of 
a triangle  are  concurrent  in  a 
point  equidistant  from  the  sides. 

(Incenter)  TTTTTTTTTE 

34.  The  altitudes  of  a triangle 

are  concurrent.  (Orthocenter;  TTTTTTTTEE 

35*  The  medians  of  a triangle  are 
concurrent  in  a point  which  is 
two- thirds  of  the  distance  from 
any  vertex  to  the  midpoints  of  the 

opposite  side.  (Centroid)  TTTTTT  TTEE 

36.  If  two  sides  of  a triangle  are 
equal,  the  angles  opposite  these 

sides  are  equal.  And  conversely.  TT  TTTTTTTT 

37.  If  two  sides  of  a triangle  are 
unequal,  the  angles  opposite  these 
sides  are  unequal  and  the  angle 
opposite  the  greater  side  is  the 

greater  angle.  And  conversely.  TTT  T T T ip  .ji 

38.  In  a right  triangle,  the 
square  of  the  hypotenuse  is  equal 

to  the  sum  of  the  squares  of  the  * * * 

other  two  sides.  TT  TTTTTTTT 

* This  indicates  that  the  book  also  includes  the  more  general 
principle,  The  Law  of  Cosines. 
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Principle 


Source 
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Triangles.  (Continued) 

39.  If  a line  joins  the  midpoints 
of  two  sides  of  a triangle,  it  is 
parallel  to  the  third  side  and 

equal  to  one  half  the  third  side.  TTCTTTTTTE 


40.  The  bisector  of  an  interior, 
or  exterior  angle  of  a triangle 
divides  the  opposite  sides  into 
segments  proportional  to  the  ad- 
jacent sides.  TTTTTTTTC 


41.  If  in  a right  triangle  a per- 
pendicular is  drawn  from  the  ver- 
tex of  the  right  angle  to  the  hy- 
potenuse : 

a.  The  two  triangles  thus  formed 
are  similar  to  the  given  triangle 
and  similar  to  each  other. 

b.  The  perpendicular  is  the  mean 
proportional  between  the  segments 
of  the  hypotenuse. 

c.  Each  leg  is  the  mean  propor- 
tional between  the  whole  hypote- 
nuse adjacent  to  that  leg. 


TTCTT  TTT 
TCTTCTCTCE 

tcttctctc 


42. 

not 

the 


The  shape  of  a triangle  can- 
be  altered  without  changing 
length  of  a side. 
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Principles 


Source 
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Polygons.  (n  equals  number  of  sides) 

43.  The  sum  of  the  interior  angles 

of  a convex  n-gon  is  l80(n-2)°.  T 

44.  The  sum  of  the  exterior  angles 

of  a convex  polygon,  formed  by  ex- 
tending each  of  its  sides  in  suc- 
cession is  36O0  . T 


T T T 


T T 


45.  The  opposite  angles  and  oppo- 
site sides  of  a parallelogram  are 
equal . 

46.  The  diagonals  of  a parallel- 
ogram bisect  each  other. 

47.  The  median  of  a trapezoid  is 
parallel  to  the  bases  and  equal  to 
one  half  the  sum. 

48.  Two  n-gons  are  congruent  if 
(2n-3)  independent  elements  Tor 
conditions)  of  one  are  equal  re- 
spectively to  (2n-3)  corresponding 
independent  elements  (or  condi- 
tions) of  the  other.  * 

49.  Corresponding  parts  of  con- 
gruent polygons  are  equal.  ** 

50.  If  two  polygons  are  similar, 
they  can  be  divided  into  the  same 
number  of  triangles,  similar  each 
to  each,  and  similarly  placed. 
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* Not  stated  here  as  given  in  textbooks.  This  implies  all  of 
theorems  on  congruence  of  triangles,  such  as,  s.s.s.=s.s.s.,  etc 


**  Listed  here  as  "congruent  polygons"  whereas  textbooks  usually 
use  this  principle  as  "congruent  triangles." 

# The  book  lists  this  as  a Basic  Assumption,  thus  a Postulate. 
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Polygons.  (Continued) 


51.  Any  two  of  the  following  con- 
ditions implies  the  third:  * TTTTTTTTTP 

a.  Corresponding  angles  of  two 
polygons  are  equal. 

b.  Corresponding  parts  of  two 
polygons  are  proportional. 

c.  Two  polygons  are  similar. 


* This  principle  implies  all  of  the  similar  triangle  theorems, 
such  as,  a . a . a . =a . a . a . , etc. 
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TABLE  (Continued) 


Principle Source 
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Regular  Polygons  and  Circles. 

52.  A circle  can  be  drawn  to  pass 
through  the  three  vertices  of  any 

triangle.  i.e.,  Circumscribed.  T T T T T 


53*  A circle  can  be  drawn  tangent 
to  the  three  sides  of  any  triangle. 

i.e.,  Inscribed.  T E S 


54.  Through  any  three  given  points 
not  lying  in  a straight  line,  one 

and  only  one  circle  can  be  drawn.  T C T T T S 

55-  A circle  can  be  drawn  to  pass 
through  all  the  vertices  of  any 
regular  polygon.  i.e.,  Circum- 
scribed. TTTTETEETS 


56.  A circle  can  be  drawn  tangent 
to  all  the  sides  of  any  regular 

polygon.  i.e.,  Inscribed.  TTTTETEETS 

37.  If  a circle  is  divided  in 
equal  arcs,  the  chords  of  these 
arcs  form  a regular  inscribed 

polygon.  TTTTTTTTTS 


58.  If  a circle  is  divided  in 
equal  arcs,  the  tangents  at  the 
points  of  division  form  a regular 

circumscribed  polygon.  TTTTTTTTTS 
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Principles 


Source 
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Circles . 

59-  A straight  line  can  intersect 
a circle  in  not  more  than  two 
points . 

60.  Two  circles  ca.n  intersect  in 
not  more  than  two  points. 

61.  Radii  of  the  same  or  equal 
circles  are  equal.  And  conversely. 

62-  A point  is  within,  on,  or 
outside  a circle  depending  on 
whether  its  distance  from  the 
center  is  less  than,  equal  to,  or 
greater  than  the  radius. 

63*  A central  angle  is  measured 
by  its  intercepted  arc. 

64.  In  the  same  or  equal  circles, 
the  length  of  a chord  varies  with 
the  length  of  its  intercepted  arc, 
and  equal  chords  have  equal  arcs.* 

65-  In  the  same  or  equal  circles, 
a chord  is  less  than,  equal  to,  or 
greater  than  another  chord  if  its 
distance  is  greater  than,  equal  to, 
or  less  than  the  distance  of  the 
other  chord. 

66.  The  line  which  passes  through 
the  center  of  a circle  and  is  per- 
pendicular to  a chord  bisects  the 
chord  and  the  arcs  determined  by 
the  chord.  And  conversely. 
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* This  statement  does  not  imply  Proportional  variation. 
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Principles Source 

12  345678  9 10 


Circles.  (Continued) 

67.  A tangent  to  a circle  is  per- 

pendicular to  the  radius  (or  diam- 
eter) drawn  to  the  point  of  con- 
tact. And  conversely.  TTTTTPTTTT 

68.  If  two  circles  intersect,  the 
line  of  centers  is  the  perpendicu- 
lar bisector  of  their  common  chord. 

(or  tangent).  TTTTTTTTTE 


69.  Any  angle  formed  by  two 
straight  lines  intersecting  or 
meeting  a circle  has  half  as  many 
degrees  as  the  algebraic  sum  of  the 

two  intercepted  arcs.  TTT  T T T T T T T 

70.  If  two  intersecting  lines  meet 

a circle,  the  product  of  the  dis- 
tance from  the  point  of  intersec- 
tion of  the  two  lines  to  each  of 
the  two  points  of  intersections  of 
one  line  with  the  circle,  equals 
the  product  of  the  distance  from 
the  point  of  intersection  of  the 
two  lines  to  each  of  the  two  points 
of  intersection  of  the  other  line 
with  the  circle.  (In 'the  case  of 
the  tangent,  it  must  be  remembered 
that  two  distances  must  be  consid- 
ered. Thus,  the  length  of  the  seg- 
ment is  squared.)  TTTTTTTTTE 

Examples: 

a.  Two  chords  intersecting  within 
the  circle. 

b.  Two  secants  intersecting  out- 
side of  the  circle. 

c.  A secant  and  a tangent. 

d.  Two  tangents. 


. 
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TABLE  (Continued) 

Principles  Source 

123  456789  10 

Area . 

71 • The  area  of  a parallelogram  is 
equal  to  the  product  of  its  base 

and  altitude.  * TTTTTTTTTC 

72.  The  area  of  a triangle  is 
equal  to  one -half  the  product  of 

its  base  and  altitude.  TTTTTTTTTT 

73*  The  area  of  a trapezoid  is 
equal  to  half  the  product  of  its 

altitude  and  the  sum  of  its  base.  IPPPTPTPTP 

74.  The  area  of  a regular  polygon 

(or  circle)  is  equal  to  one  half 
the  product  of  its  apothem  (or 
radius)  and  its  perimeter  (or  cir- 
cumference) . TTTTTTTTTC 

75.  The  circumference  of  a circle 

is  equal  to  rr  d or  2Tfr.  TT  TTTTTTTX 

76.  The  areas  of  two  similar  poly- 
gons are  to  each  other  as  the 
squares  of  any  two  corresponding 

sides.  T T T T T T 

* Since  a rectangle  is  a parallelogram,  the  area  of  a rectangle 
is  calculated  by  using  this  principle. 

. 
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Principles Source 

123^56789  10 


Proportion. 

77*  In  a proportion,  the  product 
of  the  means  equals  the  product  of 

the  extremes.  TTTTTTTTT 

78.  In  a proportion,  if  the  pro- 
duct of  two  numbers  equals  the 
product  of  two  other  numbers,  then 
either  two  can  be  made  the  extremes 
of  a proportion  in  which  the  other 

two  are  the  means.  TT  TITTTT 

79*  If  four  numbers  are  in  pro- 
portion: 

a.  The  first  term  is  to  the 
third  as  the  second  is  to  the 
fourth.  (Alternation) 

b.  The  second  term  is  to  the 
first  as  the  fourth  term  is  to 
the  third.  (inversion) 

80.  If  two  quantities  are  in  pro- 
portion : 

a.  The  sum  of  the  first  two 
terms  is  to  the  second  as  the 
sum  of  the  last  two  terms  is  to 
the  fourth.  (Addition) 

b.  The  difference  between  the 
first  two  terms  is  to  the  sec- 
ond, as  the  difference  between 
the  last  two  terms  is  to  the 
fourth.  (Subtraction) 

81.  If  three  terms  of  one  pro- 
portion are  equal  respectively  to 
three  terms  of  another  proportion, 
then  the  remaining  terms  in  each 
are  equal. 

82.  If  the  first  and  third  terms 
of  a proportion  are  equal,  then  the 

second  and  fourth  terms  are  equal.  C T T T 


TTTITTTT 
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123^56789  10 


Proportion.  (Continued) 

83.  In  a series  of  equal  ratios, 
the  sum  of  the  oddterms  divided 
by  the  sum  of  the  even  terms , 
equals  any  single  ratio  in  the 

series.  T T T T T 


- 
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Principles 


Source 


23456  739  10 


Locus . 

84.  The  locus  of  points  equidis- 
tant from  two  given  points  is  the 
perpendicular  bisector  of  the  line 
joining  them.  T 

85*  The  locus  of  a point  at  a 
given  distance  from  a given  point 
is  a circle  with  the  point  as  cen- 
ter and  the  given  distance  as 
radius . I 

86.  The  locus  of  a point  at  a 
given  distance  from  a given  line 
is  a pair  of  lines,  one  on  each 
side  of  the  given  line,  parallel 
to  it  at  the  given  distance  from 

it.  I 

87.  The  locus  of  points  equidis- 

tant from  two  intersecting  lines  is 
the  pair  of  lines  bisecting  the 
vertical  angles  formed.  T 

88.  The  locus  of  a point  equally 

distant  from  two  parallel  lines  is 
a line  parallel  to  them  and  midway 
between  them.  I 

89-  The  locus  of  the  vertex  of 
the  right  angle  of  a right  triangle 
with  a fixed  hypotenuse  is  a circle 
whose  diameter  is  the  hypotenuse.  I 

90.  The  locus  of  the  vertex  of  a 
triangle  having  a fixed  base  and  a 
given  vertex  angle  is  the  arc  of  a 
circle  drawn  to  the  extremities  of 
the  base  and  passing  through  any 
one  position  of  the  vertex.  I 


T 


T T T 


T T T T T 


P T T T T 


T 


T 


T 


T I 


T T 


T 


T T 


. 


_ . • • 


■ 

. 


. 


. . . 


. 


TABLE  (Continued) 
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123^5678  9 10 


Limits . 

91-  If  the  number  of  sides  of  a 
regular  polygon  inscribed  in  a 
circle  is  increased  indefinitely, 
the  apothem  of  the  polygon  will 
approach  the  radius  of  the  circle 
as  its  limit.  P 

92.  The  circumference  of  a circle 
is  the  limit  which  the  perimeters 
of  regular  inscribed  and  circum- 
scribed polygons  approach,  and  the 
area  of  a circle  is  the  limit 
which  the  areas  of  regular  in- 
scribed and  circumscribed  polygons 
approach  when  the  number  of  their 
sides  is  increased  indefinitely.  I P 

93.  If  the  variables  x and  y 
approach  as  their  limits  1 and  k 
respectively,  then  the  product  of 
x and  y approaches  as  its  limit 
the  product  of  1 and  k. 

94.  If  a variable  x approaches  as 
its  limit  1 and  if  k is  a constant, 
the  k'x  approaches  as  its  limit 
k*l  and  (if  k is  not  equal  to  0) 

x/k  approaches  as  its  limit  l/k.  T 

95.  If  two  variables  x and  y are 
always  equal  as  they  approach 
their  respective  limits  1 and  k, 

then  1 and  k are  equal.  T 
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SUMMARY,  CONCLUSIONS,  AND  RECOMMENDATIONS 

RESTATEMENT  OF  THE  PROBLEM 

This  investigation  consisted  of  analyzing  ten  plane 
geometry  textbooks  written  for  the  tenth  grade  to  determine 
what  principles  of  geometry  were  included  in  them.  Before 
the  analysis  began,  it  was  necessary  to  formulate  a set  of 
criteria  in  order  to  define  a principle  of  geometry.  The 
principles  thus  found  were  entered  in  frquency  tables  which 
served  as  a medium  for  comparing  the  ten  textbooks. 

SUMMARY 

Principles  of  geometry  are  sometimes  different  from 
those  we  expect  to  meet  in  the  physical  world.  The  primary 
reason  for  this  is  the  fact  that  geometry  is  partially  a 
system  of  logic,  constructed  on  certain  basic  geometric  assump- 
tions which  are  not  necessarily  "inevitable  truths".  Begin- 
ning with  any  assumptions  that  meet  certain  conditions  _2/,  a 
logical  geometry  can  be  formed.  These  basic  assumptions  we 
call  postulates. 

G-oing  back  still  farther,  we  encounter  the  more  funda- 
mental assumptions  of  logic.  These  are  called  axioms,  and, 
in  a sense,  control  our  logical  thinking--the  rules  of  the 

_l/  (See  page  21) 

Boston  University 
School  of  Edttcaiion 
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game,  so  to  speak*  These  are  general  assumptions,  whereas 
postulates  are  specific  assumptions.  In  rigorous  thinking, 
one  limits  himself  to  as  few  assumptions  as  possible. 

With  such  a few  basic  starting  points,  the  logician 
finds  a need  for  a definition  of  terms,  with  no  describing 
words  available.  This  necessitates  the  acceptance  of  certain 
words  as  undefined.  Here  ends  the  assumptions  in  geometry, 
with  the  exception  of  stating  definite  rules  for  making 
geometric  constructions.  The  ancient  G-reeks  insisted  on 
using  only  the  compass  and  the  straight  edge.  While  other 
labor  saving  devices  have  been  invented,  the  rules  remain 
unchanged  regarding  true  geometric  constructions. 

Making  use  of  these  undefined  terms,  then,  the  geome- 
trician proceeds  to  make  further  definitions.  He  then 
proves  theorems  and  problems  until  a system  of  geometry  is 
quite  complete  and,  we  hope  logical.  The  later  condition 
depends  a great  deal  upon  the  consistent  thinking  on  the 
part  of  the  geometrician. 

Any  completed  branch  of  mathematics  is  a de- 
ductive structure  of  thought  exhibiting  a logical 
chain  of  reasoning  from  the  postulates  to  the  the- 
orems. From  the  mathematical  point  of  view  there 
is  no  significance  in  inquiring  into  the  truth  or 
falsity  of  the  postulates  so  long  as  they  are  mu- 
tually consistent.  The  theorems  are  not  absolutely 
true,  but  rather  are  true  only  in  relation  to  the  / 
postulates  and  logical  methods  of  reasoning  used.  — 


2/  Russell  E.  Stabler,  "Teaching  an  Appreciation  of  Mathe- 
matics— The  Reorganization  of  Geometry."  The  Mathematics 
Teacher,  XXVII  (1934),  30-40. 
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3/ 

Moore— ^ suggested  that  this  same  rigor  be  applied  to 
high  school  students.  His  plan  was  to  let  the  students  make 
the  assumptions  upon  which  they  constructed  their  own  geome- 
tries. The  supervision  was  to  insure  consistent  thinking. 
Although  improvement  of  reasoning  is  one  of  the  major  objec- 
tives in  the  teaching  of  geometry,  Moore’s  plan  is  not  gener- 
ally accepted. 

From  the  standpoint  of  scientific  geometry 
there  is  an  irreducible  minimum  of  assumptions 
that  may  be  explicitly  stated,  but  involving  a 
degree  of  abstraction  far  beyond  the  minds  of 
high  school  pupils.  From  the  standpoint  of  ed- 
ucational practice  the  degree  of  rigor  should 
be  governed  by  the  ability  of  the  pupils.  This 
necessitates  the  abandonment  of  the  principle 
of  completeness . 

In  line  with  this  latter  thought,  the  Second  Committee 
on  Geometry—  5/  recommended  some  thirty- six  assumptions  to  be 
made  in  the  teaching  of  high  school  geometry.  The  Third 
Committee  on  Geometry,—^/  in  turn,  recommended  that  we  postu- 
late "all  propositions  requiring  proof  by  superposition"  and 
"all  propositions  that  seem  obvious  to  the  pupil." 


3/  E.  H.  Moore,  "On  The  Foundations  of  Mathematics,"  First 
Yearbook,  National  Council  of  Teachers  of  Mathematics. 

New  York:  Bureau  of  Publications,  Teachers  College,  Columbia 

University,  1926. 


4/  J . Shibli , Recent  Developments  in  the  Teaching  of 
Geometry . State  College,  Pennsylvania.  Published  by  the 
Author,  1932.  p.  100. 

5/  Charles  M.  Austin,  "Report  of  the  Second  Committee  on 
Geometry,"  The  Mathematics  Teacher,  XXIV  (1931) » 370-94. 

6/  Ralph  Beatley,  "Third  Report  of  the  Committee  on  Geometry1 
The  Mathematics  Teacher,  XXVIII  (L935),  329-79,  401-50. 
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In  developing  the  criteria  for  this  study,  it  was  sugges- 
ted that  the  number  of  geometric  principles  was  not  limited  to 


the  basic  assumptions  made.  This  was  indicated  by  the  fact 
that  different  assumptions  could  be  used  as  the  basis  for  the 
same  system.  (That  is,  if  the  assumptions  are  consistent.) 

A consideration  of  this  phenomenon  led  to  the  problem 
under  investigation;  "What  is  a principle  of  geometry?" 

Under  the  conditions  set  forth,  some  ninety-five  of  these 
principles  were  found.  These  principles  were  listed  in  tables 
to  compare  their  frequencies. 


CONCLUSIONS 

It  is  to  be  noted  from  the  tables  that  many  of  these 


principles  are  found  in  all  ten  textbooks,  while  others  are 
not.  This  does  not  mean  that  one  principle  is  more  important 
than  another,  but  merely  that  the  presentation  of  a large 
number  of  principles  was  not  the  primary  objective  of  the 
book.  As  Brownell—^  said,  "The  blank  spaces  in  these  tables 


are  fully  as  significant  as  are  the  spaces  in  which  numbers 
have  been  entered." 

Although  the  main  task  of  the  problem  was  to  determine 


principles  of  geometry,  it  was  felt  by  the  investigator  that 
tables  of  this  sort  would  aid  in  finding  which  book,  or  books 


7/  William  A.  Brownell,  "The  Techniques  of  Research  Employed 
in  Arithmetic,"  Report  of  the  Society's  Committee  on  Arithme- 
tic , Part  II.  Twenty-Ninth  Yearbook  of  the  National  Society 
for  the  Study  of  Education.  Bloomington,  Illinois:  Public 

School  Publishing  Co.,  1930.  p.  442. 
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contained  a certain  principle.  This  is  not  to  be  taken  as  a 
criticism  of  textbooks,  however,  since  the  quality  of  the 
textbook  does  not  necessarily  depend  upon  the  number  of  prin- 
ciples included. 

Concerning  the  frequencies,  it  is  to  be  noted  that  the 
axioms,  with  the  exception  of  Principle  Nine,  are  included  in 
all  ten  textbooks.  These  axioms  are  the  general  rules  of 
mathematical  logic  that  appeared  in  Euclid's  Elements , and 
have  been  retained  in  geometries  to  the  present  day. 

The  tables  also  show  that  Euclid' s original  five  postu- 
lates are  largely  retained  in  our  modern  geometry  books.  The 
exception  here  is  the  Basic  Geometry  by  George  Birkhoff  and 
Ralph  Beatley,  which  has  an  approach  that  is  quite  different 
from  the  traditional  geometry.  This  book  begins  with  assump- 
tions that  are  unique,  and  builds  the  geometry  from  them. 

The  unusual  approach  of  this  book  is  shown  in  the  tables  by 
the  fact  that  some  of  the  principles  listed  appear  only  in 
this  book.  Further,  many  of  the  principles  listed  do  not 
appear  in  the  book.  Another  unusual  feature  of  this  book  is 
indicated  by  the  fact  that  many  of  the  principles  used  as 
theorems  in  the  other  books  are  used  as  exercises  in  the 
Basic  Geometry. 

Among  the  remaining  principles ,. tho se  that  appear  most 
frequently  deal  with  relationships  in  Parallel  Lines,  Tri- 
angles, Polygons,  Circles,  Area,  and  Locus.  Generally  speak- 
ing, less  attention  is  given  to  principles  involving  the 


, 


I 
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measurement  of  distances  and  angles,  and  certain  principles 
of  proportion.  Principles  concerning  Limits  receive  very 
little  attention. 


56 


Another  interesting  feature  of  the  study  has  been  a com- 
parison of  the  presentation  of  the  various  principles.  The 
axioms  and  postulates  were  almost  entirely  listed  as  such, 
but  the  unanimity  of  thought  ends  here.  For  instance, 
Principle  49:  "Corresponding  parts  of  congruent  polygons  are 

equal,"  is  postulated  in  four  cases,  put  in  a theorem  once, 
mentioned  incidentally  in  four  books,  and  omitted  in  one. 

It  is  the  opinion  of  the  investigator  that,  if  there  is  to  be 
any  agreement  as  to  the  obvious  nature  of  certain  propositions 
mentioned  in  the  report  of  the  Third  Committee  on  G-eometry 
there  will  certainly  have  to  be  a degree  of  likemindedness  in 
postulating  some  of  these  propositions.  Of  course,  this  is 
dealing  particularly  with  the  logical  development  which  must 
be  a part  of  any  good  geometry  course. 

Not  being  too  concerned  with  the  development  of  better 
thinking  as  a high  school  objective  in  this  paper,  our  atten- 
tion is  turned  to  the  task  of  using  the  principles  herein 
listed.  It  was  pointed  out  in  Chapter  II  that  memorized  facts 
were  quite  useless  in  living  a better  life.  The  same  applies 
to  memorized  principles.  The  study  of  principles  is  valuable 
only  if  the  principles  can  be  applied  and  made  useful. 

8/  Ralph  Beatley,  oj>.  cit . 
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In  reference  to  construction  of  curriculums  for  teacher 


training  institutions,  Charters  and  Waples-^  said  that 

If  the  index  of  curricular  value  is  as  valid 
as  we  believe,  it  would  follow  that  at  some  point 
in  the  training  program  the  significant  activities 
should  be  described,  together  with  the  problems  to 
be  avoided  or  solved  and  the  theoretical  principles 
needed  to  give  coherence  and  unity  to  the  course. 

It  may  be  seriously  questioned  whether  any  treat- 
ment of  the  principles  that  govern  the  performance 
of  these  activities  can  be  highly  effective  unless 
the  application  of  the  principles  to  the  activities 
is  made  explicit. 


It  is  to  be  concluded,  then,  that  a thorough  knowledge 


and  constant  application  of  principles  result  in  a good  grasp 
of  the  subject.  Therefore,  it  is  the  opinion  of  the  investi- 
gator that  a list  of  principles  in  any  subject  would  be  an  in- 
valuable aid  to  the  teacher. 

These  principles  can  be  used  as  a basis  upon  which  to 
build  the  activities  that  are  to  result  in  learning.  As  men- 
tioned before,  it  is  up  to  the  teacher  to  select  those  prin- 
ciples that  seem  to  be  important  in  a local  situation.  The 
tables  included  in  this  study  may  be  used  as  a list  for  selec- 
tion of  those  principles,  as  well  as  a guide  to  determine 
which  books  contain  certain  principles. 

It  is  of  interest  to  note  here  that  Blanchet— used  a 


9/  W.  W.  Charters  and  Douglas  Waples,  The  Commonwealth 
Teacher-Training  Study.  Chicago:  University  of  Chicago  Press, 

1929-  p.  145- 


10/  Waldo  Emerson  Blanchet , "A  Basis  for  the  Selection  of 
Course  Content  for  Survey  Courses  in  the  Natural  Sciences." 
Unpublished  Doctor's  Dissertation,  University  of  Michigan, 
1946. 
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set  of  previously  determined  lists  of  principles  to  select 
course  content  for  a survey  course  in  science.  Annacone— — 
also  used  a previously  determined  list  of  principles  in  se- 
lecting topics  to  be  used  in  developing  principles  in  a 
senior  high  school  physics  course. 


LOOKING-  AHEAD 

There  are  several  opportunities  for  further  study  in  the 

work  on  principles.  First,  there  can  be  parallel  studies  to 

determine  principles  in  various  other  courses  in  mathematics, 

such  as  Solid  Geometry,  Trigonometry,  Algebra,  etc.  The 

methods  of  determining  these  principles  would  follow  closely 

the  methods  used  in  the  present  investigation. 

The  study  of  principles  need  not  be  confined  to  the 

field  of  mathematics,  however.  Considerable  work  has  been 

12/ 

done  in  determining  principles  of  science,  but  little, 

or  nothing  has  been  done  in  other  fields. 

Other  studies  could  be  made  to  determine  the  value  of 
using  principles  in  the  teaching  of  mathematics.  It  is  sug- 
gested that  course  programs  could  be  built  around  such  prin- 
ciples. Having  done  this,  comparisons  could  be  made  with 
various  other  methods  of  teaching.  If  done  properly,  an  in- 


11/  Angelo  Louis  Annacone,  "Topics  Suitable  for  Developing 
Understandings  of  Principles  of  Physical  Science  in  a Course 
in  Physics  for  the  Senior  High  School."  Unpublished  Master's 
Thesis,  Boston  University,  1948. 


12/  See  Chapter  I. 
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vestigation  of  this  nature  could  determine  the  value  of 
teaching  principles  of  mathematics. 


The  investigator  wishes  to  point  out  again  that  the 
principle  and  its  application  is  not  the  solution  to  all  of 
our  school  problems.  Method  is  a very  important  consideration 
Although  it  is  felt  that  principles  should  be  the  core  of  our 
subject  matter,  they  should  be  presented  in  a way  that  will 


develop  the  abilities  of  the  pupils.  Kingsley- 


12/ 


says 


The  principles  taught  by  means  of  a classroom 
exercise  will  be  developed  to  include  far  more 
than  the  specific  details  of  that  particular 
exercise.  The  learner  must  see  the  entire  range 
of  situations  to  which  the  principle  applies. 

Again— 


The  good  teacher  will  keep  in  mind  that  for 
greatest  transfer  the  generalization  should 
be  thoroughly  mastered,  it  should  be  completely 
understood.  Its  application  in  a great  variety 
of  situations  and  problems  will  need  to  be 
pointed  out. 


13/  Howard  L.  Kingsley,  The  Nature  and  Conditions  of  Learning. 
New  York:  Prentice-Hall,  Inc.,  19 46 . pi"!  522 . 


14/  ibid. , p.  523. 
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